Let G be a simple graph with average degree d and maximum degree . It is proved, in this paper that G is not critical if d 6 6 and ¿ 8, or d 6 20 3 and ¿ 9. This result generalizes earlier results of Vizing (Metody Diskret. Analiz. 5 (1965) 9), Mel'nikov (Mat. Zametki 7 (1970) 671) and Hind and Zhao (Discrete Math. 190 (1998) 107) and Yan and Zhao (Graphs Combin. 16 (2) (2000) 245). It also improves a result by Fiorini (Math. Proc. Cambridge Philos. Soc. 77 (1975) 475) on the number of edges of critical graphs for certain .
Introduction
Let G = (V; E) be a simple graph where V; E are the vertex set and the edge set of G, respectively. Throughout, G is assumed to have n vertices and m edges. We also denote by d and the average degree and the maximum degree of G, respectively.
A graph is k-edge colorable if its edges can be colored with k colors in such a way that adjacent edges receive di erent colors. The edge chromatic number, denoted by e (G), of a graph G is the smallest integer k such that G is k-edge colorable. A simple graph G is class one if it is -edge colorable, where is the maximum degree of G. Otherwise, Vizing's Theorem [8] guarantees that it is ( + 1)-edge colorable, in which case, it is said to be class two.
A critical graph G is a connected graph such that G is class two and G-e is class one for any edge e of G.
Main results
The following conjecture was proposed by Vizing [10] concerning sizes and average degrees of critical graphs. then G is not critical.
Up to now, Conjecture 1.1 is veriÿed for 6 5 (see [1, 4, 5, 13] ).
The following main theorem of this paper is motivated by Conjecture 1.1 and the partial results mentioned above.
Theorem 1.2 (The Main Theorem). A graph G is not critical if it has either
(1) the maximum degree ¿ 8 and the average degree d 6 6, or (2) the maximum degree ¿ 9 and the average degree d 6 20 3 .
Applications
In 1965, Vizing [9] proposed a conjecture that "every planar graph with maximum degree at least 6 is class one".
This conjecture seems to be very di cult since = 6 is so close to the average degree of planar graphs. Vizing himself [9] proved the conjecture for the case ¿ 8. The case = 7 was recently conÿrmed independently by Sanders and Zhao [7] and Zhang [14] . The case = 6 remains open: Conjecture 1.3 (Vizing planar graph conjecture [9] ). Every planar graph with = 6 is class one.
Let S be a surface. Denote by c S the Euler characteristic of the surface S. An important application of Theorem 1.2 to the famous Vizing planar graph conjecture and its counterparts for graphs with low genus is the following corollary. Corollary 1.4. Let G be a graph with maximum degree which can be embedded on the surface S with Euler characteristic c S . Then G is class one if one of the following holds:
(1) (Vizing [9] ) c S = 2 (plane) and ¿ 8; (2) (Mel'nikov [6] ) c S = 1 (projective plane) and ¿ 8; (3) (Hind and Zhao [3] ) c S = 0 (torus and Klein bottle) and ¿ 8; (4) (Yan and Zhao [11] ) c S = −1 and ¿ 9.
Proof. It is well-known that d 6 6 if c S ¿ 0. Hence, (1)-(3) are immediate corollaries of Theorem 1.2(1).
By Theorem 1.2(2), we only need to show that a simple graph with c S = −1 and ¿ 9 is of average degree less than 20 3 . Let F be the set of faces of G. Since G is simple, |F| 6 2m=3. Thus, by Euler formula that n + |F| ¿ m − 1, we have that n + 2m=3 ¿ m − 1. So, d = 2m=n 6 6(1 + 1=n). Since G is simple and ¿ 9, we have n ¿ 10 and therefore, d = 2m=n 6 6(1 + 1=n) 6 6:6 ¡ In 1981, Yap [12] gave some lower bounds on the number of edges of critical graphs with 6 7. Theorem 1.5 (Yap [12] ). Let G be a critical graph with maximum degree .
The following corollary of Theorem 1.2 provides some lower bounds on the number of edges of critical graphs with ¿ 7. Corollary 1.6. Let G be a critical graph. 
Notations and terminology
A k-vertex (or (¿ k)-vertex, (6 k)-vertex, respectively) is a vertex of degree k (or ¿ k, 6 k, respectively). A vertex v is called a major vertex if its degree is and a minor vertex otherwise.
Let V k ⊆ V be the set of k-vertices in G for each 2 6 k 6 . Let : E(G) → C be an edge coloring and i ∈ C. Denote by −1 (i) the set of edges colored with the color i. Let x ∈ V (G) and N (x) be the set of vertices adjacent to
Adjacency lemmas
In this section, we ÿrst introduce the well-known Vizing's Adjacency Lemma and an adjacency lemma by Zhang and then prove a new adjacency property.
Lemma 2.1 (Vizing's Adjacency Lemma [9] ). If H is a critical graph with maximum degree and if u and v are adjacent vertices of H , where the degree of v is d, then
(ii) the sum of the degrees of any two adjacent vertices is at least + 2; Proof. By contradiction, we assume that there exists a vertex z ∈ N (y) \ {x} so that d(z) 6 − 2 for each y ∈ N (x). Let N (x) = {u; v; w}.
Let G = G − xw. Then the class one graph G has a -edge coloring : E(G) \ {xw} → C = {1; 2; : : : ; }. The coloring of G can be regarded as a partial edge coloring of G with the edge xw uncolored. Assume that (xu) = 1 and (xv) = :
(
For a vertex y in G, denote by (y) the set of colors appearing at the edges incident with the vertex y and let (y) = C \ (y). For each pair {i;
is either a path or an even cycle. For a vertex y of G, if i ∈ (y) and j ∈ (y), denote by
is an (i; j)-bi-colored path with one end at y since j ∈ (y).
Claim II. For each color i ∈ (w) \ { } = {2; : : : ; − 1}, the (1; i)-bi-colored path P 1;i (x) ends at w.
Suppose that P 1;i (x) does not end at w. A -edge coloring of G can be obtained from by interchanging the colors along the path P 1;i (x) and then coloring the edge xw with the color 1, a contradiction.
Claim III. {1; : : : ; − 1} ⊆ (u i ) for each i = 2; : : : ; − 1 and u i = w.
Let i ∈ {1; : : : ; − 1} so that u i = w. Since the (1; i)-bi-colored path P 1;i (x) starting at x must end at w, the vertex u i , which is in the path, must be incident with an 1-colored edge and an i-colored edge, and therefore, {1; i} ⊆ (u i ).
Assume that k ∈ (u i ) for some k ∈ {1; : : : ; − 1}. Then k = 1 or i. In −1 (1) ∪ −1 (k), the (1; k)-bi-colored path P 1;k (x) is a path with two endvertices x and w, and therefore, does not pass through the vertex u i since 1 ∈ (u i ) and k ∈ (u i ). Let be the new coloring obtained from by interchanging the colors 1 and k along the (1; k)-bi-colored path P 1;k (u i ) starting at the vertex u i . Then, in the coloring , the (1; i)-bi-colored path starting at the vertex x is the path xuu i since 1 ∈ (u i ), (xu) = (xu) = 1 and (uu i ) = (uu i ) = i. A -edge coloring can be obtained from by interchanging the colors 1 and i along the path xuu i and then coloring the edge xw with the color 1, a contradiction. Let i ∈ {1; : : : ; − 1}. If w = u i , then d(u i ) = d(w) = . Therefore, we may assume that u i = w. Since x ∈ N (u) and d(x) = 3, by Lemma 2.1, u is adjacent to at most two minor vertices. By the assumption, u is adjacent to two minor vertices, one is x, the other is of degree at most − 2. By Claim III,
Claim V. For each i ∈ {2; : : : ; − 1}, the path P ; i (x) passes through u.
Otherwise, let be the new coloring obtained from by interchanging the colors and i for all edges of [
. Note that (y) = (y) for each vertex y ∈ {x; u; v; w}. and the edge uu i is now colored with . By the same argument as of Claims III and IV, d(u i ) 6 − 2. This contradicts Claim IV.
If we uncolor the edge xu and color the edge xw with 1, we get a new edge coloring . Note that (e) = (e) for each edge e ∈ E \ {xu; xw}, and therefore, P ; i (x) = P ; i (x) for each i ∈ C \ {1}. By applying the argument of Claims III-V, we can prove the following claim.
Claim VI. For i ∈ {2; : : : ; − 1}, the path P ; i (x) passes through w and d(w i ) = for each i ∈ {2; : : : ; − 1} and d(w ) 6 − 2.
Claim VII. {1; : : : ; − 1} ⊆ (v i ) for each i = 2; : : : ; − 1 such that v i = u; w.
Let i ∈ {1; : : : ; − 1} so that i = u; w. Assume that k ∈ (v i ) for some k ∈ C \ { }. Since, by Claims V and VI, the path P ; i (x) passes through both u and w, the vertex v i is not an endvertex of the path, and therefore, { ; i} ⊆ (v i ) and k = or i. Let be the new coloring obtained from by interchanging the colors and k along the path P ; k (v i ) . Note that P ; i (x) = xvv i since ∈ (v i ). Let be the new coloring obtained from by interchanging the colors and i along the path xvv i . Since the two ( ; k)-bi-color path P ; k (x) and P ; k (v i ) are vertex disjoint and by Claims V and VI, P ; k (x) passes through the vertex u, the path P ; k (v i ) does not pass through the vertex u. Therefore, in the coloring , (e)= (e) for any edge incident with the vertex u and (xv)=i. In particular, (uu i )= (xv)=i. By applying the same argument as of Claims III and IV, we may prove that d(u i ) 6 − 2, which contradicts Claim IV. Claim IX. Each P 1;i (x) passing through the vertex v 1 and v 1 is not an endvertex of P 1;i (x) for each i ∈ {2; : : : ; − 1}. Suppose that P 1;i (x) does not pass through the vertex v 1 for some i ∈ C \ {1; }. Let be the new coloring obtained from by interchanging colors 1 and i along the path P 1;i (x) . Then, in the coloring , (e) = (e) for each edge e incident with the vertex v 1 and (xu) = i. Note that (xu) = i = (vv 1 ) = 1. By the same argument as of Claims VII and VIII, we may prove that d(v 1 ) = , which contradicts Claim VIII. Therefore, P 1;i (x) passes through the vertex v 1 . Note that w = v 1 since
. By Claim II, the vertices x and w are the endvertices of the path P 1;i (x) . Therefore, v 1 cannot be an endvertex of P 1;i (x) .
The ÿnal step. By Claim IX, it is easy to see that d(v 1 ) ¿ − 1. This contradicts Claim VIII.
Proof of Theorem 1.2(1)
By contradiction, suppose that G is critical. Let
be the initial charge of the vertex x.
Since Theorem 1.2(2) implies Theorem 1.2(1) for ¿ 9, we only need to prove Theorem 1.2(1) for = 8.
Since the average degree d 6 6, we have that
with equality if and only if d = 6. We are going to use a discharge method according to the following discharge rules: Let x be a 3-vertex. If x is adjacent to a 7-vertex y, then by (III-1), c (y) ¿ 0. It contradicts (VI). Therefore, x is adjacent to three 8-vertices, say x 1 ; x 2 ; x 3 . By (VI) and (IV-3), each of x i is adjacent to exactly two 3-vertices. On the other hand, by Lemma 2.3, one of x 1 ; x 2 ; x 3 is adjacent to one 3-vertices and seven (¿ 7)-vertices, a contradiction.
(IX) By (VII) and (VIII), every 8-vertex is adjacent to a 2-vertex. (X) The ÿnal step: Let x be a 2-vertex and y 1 be a vertex adjacent to x. Let Denote by c (x) the new charge of the vertex x. We are going to show that c (x) ¿ 0 for every x ∈ V (G). 
